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The present paper obtains two independent variable generalizations of the 
integral inequalities of Gollwitzer, Langenhop, and Pachpatte. The bounds 
provided by these inequalities are adequate in many applications in the theory 
of partial differential and integral equations. 
1. INTRODUCTION 
The classic work “Inequalities” by Hardy et al. [7], which appeared in 1934, 
initiated the discovery of new types of inequalities and the applications of 
inequalities in many parts of analysis. The book “Inequalities” by Beckenbach 
and Bellman [l], which appeared in 1961, contains an account of some results 
on inequalities obtained in the period 1934-1960. An extensive survey of integral 
inequalities of the Gronwall type which are adequate in many applications in 
the theory of differential and integral equations may be found in a recent 
publication by Beesack [2]. A two-independent-variable generalization of 
Gronwall’s inequality due to Wendroff given in [l, p. 1541 has evoked con- 
siderable interest in recent times, as may be seen from the recent papers of 
Snow [ll], Ghoshal and Masood [5], Young [12], Chandra and Davis [4], and 
Bondge and Pachpatte [3] which were motivated by certain applications in the 
theory of partial differential and integral equations. Our objective here is to 
establish two-independent-variable generalizations of the integral inequalities 
recently established by Gollwitzer [6], Langenhop [8], and Pachpatte [9, lo] 
which can be used in the analysis of various problems in the theory of partial 
differential and integral equations. 
2. MAIN RESULTS 
In this section we state and prove some interesting and useful two-independent- 
variable generalizations of the integral inequalities of Gollwitzer [q and 
Langenhop [8]. 
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A useful two-independent-variable generalization of Gollwitzer’s inequality 
given in Lemma 2 of [6, p. 6421 is embodied in the following theorem. 
THEOREM 1. Let +(s, t), a(s, t), b(s, t) b e real-valued nonnegative continuous 
functions defined on I x I, where I = [0, CO); let U(S, t) be a positive real-valued 
continuous function dejked on I x F, and suppose further that the inequality 
is satisJied for 0 < x < s < 00, 0 <y < t < co. Then 
U(S, t) 2 4(x, y) exp (--a(s, t) ((jut bh 4 dm dn)) 9 
for0~x~s<cxJ,0~y<t<<. 
Proof. Rewrite (1) as 
For fixed s and t in the interval I we define for 0 < x < s, 0 < y f t, 
T(X, y) = U(S, t) + a@, t) (/:/: b(w 4dh 4 dmdn) 9 
r(x, t) = T(S, y) = u(s, t); 
then from (4) we have 
rov(x, y) = a@, t) b@, Y) W Y)S 
which in view of (3) implies 
Y,&, y) < a@, t> b(x, Y) r(x7 rh 
I.e., 
w < a(s, t) b(x, y). 
3 
From (5) we observe that 
(1) 
(2) 
(3) 
(4) 
(5) 
‘(x’~~~$‘y) < a(s, t) b(x, y) + ~,(X, Y) ~Y(X, Y) 
> f-2(x,Y) ’ 
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i.e., 
Now integrating both sides of the above inequality with respect to y from y to t 
we have 
Y&Y t) - - $$f < a(s, t) j” b(x, n) dn. 
y(x, t) , Y 
Integrating both sides of the above inequality with respect to x from x to s we 
have 
y(x, y) < u(s, t) exp (4, t) o,“j: b(m, n> dm dn)) . (6) 
The desired bound in (2) follows from (3) and (6) since s and t are arbitrary in 
the interval I. 
As an application of Theorem 1 we next establish the following two-inde- 
pendent-variable generalization of the Gollwitzer’s inequality given in [6, 
Theorem I] for the lower bound on an unknown function. 
THEOREM 2. Let #J(s, t), a(s, t), b(s, t), and u(s, t) be as defined in Theorem 1; 
let H(Y) be a positive, continuous, strictly increasing, convex, and submultiplicative 
function for Y > 0, H(0) = 0, lim,,, H(Y) = CO; let ar(s, t), p(s, t) be positive 
continuous functions defined on I x I, and ~(s, t) + p(s, t) = 1. Suppose further 
that the inequality 
u(s, t) 3 4(x, Y) - a(~, t) H-l (j”j’ b(m, n) H(+(m, n)) dm dn) (7) 
2: 1/ 
is satisfied for 0 < x < s < CO, 0 < y < t < ~0. Then 
u(s, t) 2 ~4, t) H-l (+s, t) HW, y)) 
x exp (-Ns, t> H(a(s, t> P(s, t>> j’f” b(m, 4 dm dn)) ,e Y (8) 
forO<x<s<co,O<y<t<co. 
Proof. Rewrite (7) as 
4(x, y) G a(s, t) u(s, t) c+ t) + B(s, t> +, t> Ph 4 
x H-l (j:j: b(m, n) f&b 4) dm dn) . 
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Since H is convex, submultiplicative, and monotonic we have 
Now an application of Theorem 1 yields the desired bound in (8). 
We next establish the following two-independent-variable generalization of 
the integral inequality established by Langenhop [8]. 
THEOREM 3. Let u(s, t), a(s, t), and b(s, t) be as dejked in Theorem 1; let 
W(r) be a positive, continuous, monotonic, nondecreasing function for Y > 0, 
W(0) = 0, and (a/ay)W(r(x, y)) = WV(r(x, y)) > 0; and suppose further that the 
inequality 
u(s, t) 3 u(x, Y) - a(s, t) (1”s: b(m, n) W(u(m, n)) dm dn) (9) 
where 
u(s, q b Q-l [ Q(u(x, Y)) - a@, t) (6s: b(m, n> dm da)] , (10) 
y >, yg > 0, (11) 
Q-l is the inverse function of Q, and 
L?(u(x, y)) - a(s, t) ( jzs/i b(m, n) dm dn) E Dom(G;-l), 
foYO<x~s~s,,O,(y~t<t,. 
Proof. Rewrite (9) as 
U(X, y) G u(s, t) + a(~, t) (s,‘l: b(m 4 WMm, 4) dm dn) . (12) 
For fixed s and t in the interval I we define for 0 < x < S, 0 < y < t, 
r(x,y) = 4~ 4 + ah t) (r,“j: b(m, 4 W@dm, 4) dm de) , 
(13) 
Y(X, t) = r(s, y) = u(s, t); 
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then from (13) we have 
Y&, y) = up, t) b(% Y) fJT4% YN, 
which in view of (12) implies 
i.e., 
~a!&~ Y) 
J,fqy(x 
, 
y)) G 6 t) 4x, Y)- 
From (14) we observe that 
(14) 
Jw(% Y)) YZY(% Y) < u(s q @, y) + ~t!(Y(~~ 34) y=(X, y) 
w2w, YN ’ ~2(y(~Y YN ’ 
I.e., 
Now integrating both sides of the above inequality with respect o y from y to t 
we have 
y&9 4 yz(x, Y) 
W(~9 9) - V(x, Y)) 
< u(s, t) f b&x, n) dn. 
Y 
(15) 
From (11) and (15) we observe that 
Q,(Y(x, t)) - Q&(x, y)) < a(~, t) 1” b(x, 4 dn. 
Y 
rntegrating both sides of the above inequality with respect to x from x to s we 
have 
which implies 
Q@(s, 4) 2 Q(+, Y)) - 4s, t) (/z’/: W, 4 dm dn) . (16) 
The desired bound in (10) follows from (16). The intervals of real numbers s 
and t are obvious. 
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3. FURTHER INEQUALITIES 
In this section we establish two-independent-variable generalizations of the 
integral inequalities recently established by Pachpatte [9, lo] which can be 
used in some applications in the theory of Hyperbolic partial integral and 
integrodifferential equations. 
Our first result deals with the two-independent-variable generalization of the 
integral inequality recently established by Pachpatte in [lo, Theorem I]. 
THEOREM 4. Let $(s, t), a(s, t), b(s, t), and c(s, t) be real-valued nonnegative 
continuous functions defined on I x I; let U(S, t) be a positive real-valued continuous 
function dejned on I x I; and suppose further that the inequality 
u(s, t) b 4(x, Y) - a(~, t) [I’ ft b(m, n) +(m, n) dm dn 
r-21 
is satis$edfor 0 < x < s < CO, 0 < y < t < 00. Then 
u(s, t) 2 4(x, Y) [ 1 + a(s, t) ( jzsj: bh 4 
x exp (/is,” [a(~, t)45 5) + 46, 511 dt 4) dm dn)]-‘, 
forO~x<s<co,O<y~t<co. 
Proof. Rewrite (17) as 
4(x, y) < u(s, t) + 4 4 [s,“J1’ bh 4 +h 4 dm dn 
For fixed s and t in the interval I, we define for 0 < x < s, 0 < y < t, 
r(x, y) = u(s, t) + a(s, t) [j’s” b(m, n) $(m, 4 dm dn 
z 21 
(17) 
(18) 
(19) 
(20) 
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then from (20) we have 
which in view of (I 9) implies 
(22) 
YE&, y) < u(s, q 4% Y) [,(,T Y> + s”s” c(E, 5) r(5,5) d5 a] * (21) 
5 Y 
Define 
w(s, y) = 0(x, t) = u(s, t); 
then from (22) we have 
%&, Y) = YZY(? Y> + 4x, Y) 4x9 Yh 
which in view of (21) and the fact that Y(X, y) d V(X, y) from (22) implies 
%&, Y) G [u(s, 4 b(% Y> + 4x, Y)l4% Y) 
which by following an argument similar to that in the proof of Theorem 1 
yields the estimate for o(x, y) such that 
w(x, y) < u(s, t) exp (f:s: [a@, t) 4&,5) + 45, 5)l df dl;) . 
Substituting this bound on o(x, y) in (21) we have 
y&, Y) < a@, t) 4x, Y) ~6, 4 exp ( /zsj: MS, t) 45 5) + c(E,5)1 d5 &) . 
Now integrating both sides of the above inequality with respect to y from y 
to t we have 
Y&P 9 - Yx(% Y) 
< 4, t) u(s, f) 1” &, 4 exp ( JsIt [u(s, t) b(t, 5) + c(E, 5)l d5 4) dn. 
Y 32 n 
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Integrating both sides of the above inequality with respect to x from x to s we 
have 
(23) 
X exp (j:ji [a(~, t) 4C, 5) + 45, 01 dt 4’) dm dn)l’ . 
The desired bound in (18) follows from (19) and (23) since s and t are arbitrary 
in the interval I. 
We now apply Theorem 4 to establish the following two-independent- 
variable generalization of the integral inequality recently established by 
Pachpatte [IO, Theorem 21. 
THEOREM 5. Let c$(s, t), a(s, t), b(s, t), c(s, t), and u(s, t) be us deJined in 
Theorem 4; let H(r), a(s, t) and /3(s, t) b e as dejked in Theorem 2; and suppose 
further that the inequality 
u(s, t) 2 4(x, Y) - a(~, t) H-l [j”j’ b(m, n> W(m, 4) dm dn 
5 2/ 
(24) 
+ j:l b(m, n) (jIjnt 45, 5) fW.5 5)) 47 d5) dm dn] 
is satisfied for 0 < x < s < CO, 0 < y < t < CO, then 
u(s, t) >a(s, t) H-l [a-+, t) fq4(x,y)) 11 +B(s, tfqa(s, t) p-y4 t)) 
X j8 j” W, 4 exp (j’ jt [P(s, 4 Wa(s, 4 BW, t)> W, 5) + 45, 511 r Y mn 
x df d[) dm dnl -‘] , (25) 
forO<x~s<co,O<y~t<ccL 
Proof. Rewrite (24) as 
4(x,y) < +, t) 4% t) a% t) 
+ p(s, t) a(~, t) p-l@, t) H-l [s,“jut b(m, 4 H(#(m 4) dm dn 
f jzsji 4% 4 (j:ji 45 1)Wd(5,5)) d5 4) dm dn] .
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Since H is convex, submultiplicative, and monotonic we have 
No& an application of Theorem 4 yields the desired bound in (25). 
To this end we present the following two-independent-variable generalization 
of the integral inequality established by Pachpatte in [9, Theorem 31. 
THEOREM 6. Let u(s, t), a(s, t), b(s, t), and c(s, t) be as defined in Theorem 4; 
let G(r) be a positive, continuous, strictly irxreasing, subadditive and submulti- 
plicative function for r > 0, H(0) = 0; let G-l denote the inverse function of G; 
and suppose further that the inequality 
U(S, t) 2 U(X, y) - a(s, t) G-l [/“St b(m, n) G(u(m, 4) dm dn 
2 %I 
u(s, t) 3 u(x, Y) G-l I[ 1 + G(4, 0) /lIvt b(m, 4 
(27) 
x exp (j”/” V&f, I;) GW, 9) + 45, 01 d5‘ 4) dm dn]-l), m?a 
foYO~x~s<co,O,<y~t<c0. 
Proof. Rewrite (26) as 
u(x, y) < u(s, t) + a(s, t) G-l [IsIt b(m, n) G(u(m, n)) dm dn 
cc II 
Since G is subadditive and submultiplicative we have from (28) 
G(u(x, y)) < G(u(s, t>> + G(4, t>> [/‘/’ bh 4 Wm, 4) dm dn 
z Y 
(29) 
409/7&-I 1 
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Defining r(x, y) by the right member of (29) and by following an argument 
similar to that in the proof of Theorem 4, with suitable modifications, we obtain 
the desired bound in (27). 
4. SOME APPLICATIONS 
In this section we present some applications of the inequalities established in 
this paper to obtain the lower bounds on the solutions of a class of hyperbolic 
partial differential nd integrodifferential equations. Each of these applications 
could be stated formally as a theorem. This has not been done so as not to 
obscure the essential ideas with technical details. 
EXAMPLE 1. As a first application we obtain the lower bound on the solution 
of a nonlinear hyperbolic partial differential equation of the form 
z&(x, y) = F[x, Y, NT, Y)l, (30) 
with the given boundary conditions u(x, t) = u(s, y) = u(s, t), where the 
functions u and f are real valued, defined, and continuous on the respective 
domains of their definitions and 
where b and W are as defined in Theorem 3. Integrating (30) first with respect 
toy from y to t and then with respect to x from x to s we have 
u(x, y) = U(S, t) + ~zs~utqm, n,uh 41 dm dn. (32) 
Using (31) in (32) we have 
I u(x,y)I < I u(s, t)I + J:Jgtb(m, n)W(l u(m, n>l) dm dn, 
i.e., . 
I U(S, t)l > I +, Y)I - ~z8~gt 4w 4 WI 4w 41) dm dn. 
Now a suitable application of Theorem 3 yields 
I u(s, Gl > Q-l [nCl u(x,y)l) - Jz8J: b(m, 4 dm dn] , (33) 
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where Q and Q-l are as defined in Theorem 3. Thus the right-hand side in (33) 
gives us the lower bound on the solution u(s, t) of (30). 
EXAMPLE 2. As a second application, we establish the lower bound on the 
solution of a nonlinear hyperbolic partial integrodifferential equation of the form 
%(X, Y) = F [&Y, 4% Y), j:ji &, y, m, n, u(m, n)) dm dn] , (34) 
with the given boundary conditions u(x, t) = u(s, y) = u(s, t), where u, k, and F 
are real-valued continuous functions defined on the respective domains of their 
definitions and the functions k and F involved in (34) satisfy 
! 46 y, m, 11, u(m, 4)! < c(m, 4 I u(m, n)l, (35) 
I F[x, Y, u(x, Y>, uli G KG YNI 4~~ r>l + I ZJ II, (36) 
where b and c are as defined in Theorem 4. Integrating (34) as in example 1 we 
have 
4% Y) = u(s, 4 + jzsj:F [m n, u(m, 4 jsjt Wm, n, 5, Lu(& 5)) dt d5] dm dn. 
mn 
(37) 
Using (35) and (36) in (37) we have 
I u(x,Y)I < I ~6, t>l + j’j’ b(m, n) I u(m, n)I dm dn 
5 Y 
i.e., 
I u(s, t)l 3 I +Y)I - [[zs/vt W, n) I u(m, n)I dm dn 
Now a suitable application of Theorem 4 yields 
I u(s, 0 b I 4? Y>l [l + jmy b4 4 
x exp (1’ j’ [k? 5) + c(f, 01 dt 4) dm dn1-t mn 
which gives us the lower bound on the solution u(s, t) of (34). 
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